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Summary. A method is presented to treat gametes as 
homozygous diploid individuals allowing their inclu- 
sion into the relationship matrix between animals. In 
this way standard techniques developed for the analysis 
of individual genetic variation may be used to analyze 
gametic variation. An example is given for maternal 
gametic imprinting and equivalence is shown to a 
gametic model. The method may also be adopted for 
the analysis of species (like the honey bee) with one 
haploid sex. 
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Introduction 

Henderson's (1976) rules for obtaining the inverse of 
the numerator relationship matrix between individuals 
directly from a list of pedigrees and inbreeding coef- 
ficients have promoted the use of improved methods 
for the estimation of genetic variances and covariances 
and for the prediction of the breeding value of animals. 
Restricted maximum likelihood (REML) methods for 
variance component estimation (Meyer 1990) and 
models based on best linear unbiased prediction (BLUP) 
have now become standard tools in animal breeding. 
When the covariance structure between individuals is 
modelled by the numerator relationship matrix (A) in 
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these estimation and prediction procedures this has 
become known as the 'animal' model. 

More recently, the concept of the relationship 
matrix has been extended to the gametic relationship 
matrix (G) where paternal and maternal gametes of an 
individual are considered separately (Smith and 
Allaire 1985). The main use of the gametic relationship 
matrix has been as a basis for constructing the relation- 
ship matrix between dominance effects (Smith 1984; 
Schaeffer et al. 1989; Smith and M~iki-Tanila 1990). 
There have been suggestions, though, for the use of the 
gametic relationship matrix in its own right in analyses 
for species which, like the honey bee Apis  mellifera 
(Smith and Allaire 1985), have both haploid and 
diploid sexes, as well as in the analysis of maternal 
gametic imprinting effects (Gibson et al. 1988; Schaeffer 
et al. 1989). Schaeffer et al. (1989) illustrated a method 
for combining animal and gametic models in the same 
analysis. 

In this paper we present a method for treating 
haploids or gametes as diploid organisms, thus allow- 
ing their inclusion in A and the use of an animal model. 
The equivalence to the combined approach of Schaeffer 
et al. (1989) is shown. 

Construction of A and A-  1: the usual rules 

The usual rules for building A recursively from an 
ordered list of pedigrees are as follows: 

a u = 1 + Fi (1) 

aji = (ajp + ajq)/2 (2) 

where au is the diagonal element of A pertaining to 
individual i with parents p and q and aj~ is the off 
diagonal element between individual j and i. F~ is the 



inbreeding coefficient of i, which is normally computed 
as half the relationship between its parents, apq/2. 

Henderson (1976) showed that the inverse of the 
relationship matrix, A -1, may be set up recursively 
from a pedigree list by adding 

d ii to a ii, (3) 

- dii/2 to aip, a iq, a qi, a pi (4) 

dU/4 to a pp, a pq, a qp, a qq (5) 

where 

d u = 1/[1 - 0.25(app + app)] (6) 

and a with superscripts relate to elements of A-  1. Tier 
and S61kner (private communication), dealing with 
unusual relationship structures, showed that d" as in 
(6) is a special case of a slightly more general formula, 
namely 

d ii = 1/[1 + F i - -  0 . 2 5 ( a p p  --F apq q.- aqp -}- aqq)]. (7) 

Under the diploid mode of inheritance and given the 
usual assumptions (deviations from which are listed in 
Tier and S61kner 1992), Fi = apq/2 = 0.25(apq + aqp) so 
that those terms cancel out and (6) applies. 

Treating haploids or gametes as conceptual diploids 

Haploid parents produce identical gametes. The only 
type of diploid organism that produces identical gametes 
is one that is fully%'omozygous (100% inbred). Therefore, 
conceptually haploids may be treated as homozygous 
diploids which are derived from a single parent. Simi- 
larly, we may visualize gametes as homozygous off- 
spring of a single parent which in turn transfer their 
genes to produce a normal diploid offspring. The 
difference between haploids and gametes in this inter- 
pretation is that haploids may produce many offspring 
whereas a gamete has only a single offspring. 

Rules (1) and (2) for building A apply for such 
individuals but may be written in the following special 
form: 

aii = 2 (8) 

ai i= ajp (9) 

as we assume homozygosity (F i = 1) and that indi- 
vidual i is derived from a single parent (p = q). In a 
similar manner, (7) is modified into 

dig= 1/(2 - app) (10) 

and for building A - 1, add 

d ii to a ii, a "p and (11) 

- d ii to a ip, a pi. (12) 

Rules (8) to (12) should only be invoked when dealing 
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with homozygous individuals. It should be noticed, 
and will be seen from an example later on, that 
inclusion of gametes in the proposed way does not alter 
the relationship structure between 'real' individuals. 

Equivalence of the model including 'conceptual diploids' 
to the gametic model: an example 

The  genetic model 

Schaeffer et al. (1989) present a model for data influ- 
enced by maternal gametic imprinting, i.e., where some 
genes are only expressed when received from the 
maternal gamete. For an extensive review and discus- 
sion of the phenomenon of parental imprinting see 
Solter (1988). They write the model for an observation 
y on the ith individual [assuming that the only fixed 
effect is the mean (#)] as 

yi = la + ai + g"  i + ei (13) 

where ag represents the additive genetic value inherited 
and expressed in the usual manner, gm represents 
expression of additional additive genetic value inherited 
through the maternal gamete and e~ is the residual 
effect. The authors stress the fact that the genotype of 
the individual also includes the genetic effect of the 
paternal gamete (gP), which is not expressed in the 
phenotype. The paternal genes may be expressed in 
later generations if they are subsequently transmitted 
through a female and, therefore, may not be omitted 
from analysis. 

The  additive + gametic model 

Schaeffer et al. (1989), following Gibson et al. (1988), 
write their statistical model in matrix notation as 

y = Xb + Za + Wg + e (14) 

where y is the vector of observations, b is the vector of 
fixed effects, a is the random vector of additive genetic 
effects, g is the random vector of additional genetic 
effects that are only expressed when derived from the 
maternal gamete, and e is the random vector of 
residuals. X, Z and W are incidence matrices and the 
variance-covariance structure of the random variables 
assumed by Schaeffer et al. is 

Eil ~ V -- 0 Ga 2 (15) 

0 0 Ia 

2 2 and : where a, ,  a o a e are the additive genetic, mater- 
nally imprinted genetic, and residual variances. Note 
that the gametic relationship matrix G includes both 
paternal and maternal gametes of an individual but the 
incidence matrix W links the observations only to the 

2 2 _ _  2 2 maternal gamete. Defining c~ a = % / %  and % - ae/ao, 



870 

the mixed model equations from (14) are 

'X X'Z X'W [~ X')y 1 
'X Z'Z+A-lc~ a Z'W ~ = Z'y . 

(16) 

The conceptual diploid model 

An equivalent model to describe genetic model (13) 
may be written as 

y = Xb + Za + Hi + e (17) 

where y, b, a, e, X and Z are defined as before and i 
is the vector of maternal imprinted effects defined on 
an individual rather than gametic level with corres- 
ponding incidence matrix H. The variance-covariance 
matrix of random effects is 

r!lf 00 7 V = 0 A*a 2 (18) 

0 0 Ia 2 

where ~r 2 is the imprinted variance as observed on the 
individual level. A* is the relationship matrix between 
all individuals included in A augmented by the maternal 
gametes of individuals with records, treating those 
gametes as diploids as shown in Sect. 3. The mixed 

2 2 model equations for this model (with e i=~e /~ i )  
are 

!,x x,z x , .  Vx,,  
'X Z 'Z + A-10~ a Z'H [ [ ~ | - - / Z ' y  I 
'X H'Z H'H + A*-1~/_][i ] LH,Y ] 

(19) 

Equivalence of models 

Smith and Allaire (1985) describe and Jamrozik and 
Schaeffer (t991) show that A may be obtained from 
G as A=0 .5KGK'  with K = I s *  [1 1], where N is 
the number of individuals and * denotes the direct 
(Kronecker) product of two matrices. A* in (19) may 
be derived in a similar fashion as A * =  0.5QGQ'. A 
row of Q pertaining to an animal consists of two 
elements with a value of unity relating the individual 
to its two parental gametes and zeroes elsewhere (as 
in K), whereas a row pertaining to a gamete treated 
as conceptual diploid consists of one element of value 
two relating the gamete to itself and zeroes elsewhere. 

Because i is defined on the individual rather than 
the gametic level the relationship between i and g is 
given by 

i = 0.5Qg. (20) 

N o w  

V(i) = V(0.5Qg) 

= 0.25QV(g)Q' 

= 0.25QGQ'% 2 

= 0.5A*a 2. (21) 

From (18) and (21) 

V(i) = A*a 2 = 0.5A*a 2. (22) 

Therefore 

2 2 a i = 0.5%, (23) 

and 

2 2 2 2 o~ i tre/a i = 2%. (24) = = 2a J %  

The models are equivalent in the sense of Henderson 
(1985) in that both yield identical first and second 
moments of the data vector. 

Numerical example 

To demonstrate their method, Schaeffer et al. (t989) 
give a small numerical example including a total of 
six animals and three animals with records (Table 1). 
We shall use this example to demonstrate the equi- 
valence of models (14) and (17). Matrices A and G and 
their inverses are given in the paper by Schaeffer et al. 
Tables 2 and 3 show relationship matrix A* and its 

inverse where AD, DE and DF denote 'diploid' 
maternal gametes transferring genes from mother to 
daughter. 

The incidence matrices Z, W and H are 

Z =  0 0 1 0 
0 0 0 1 

0 0 0 0 

I~ 
1 A2 B1 B2 C1 C2 Vl D2 E1 E2 F1 F2~ 

W =  0 0 0 0 0 0 1 0 0 0 

0 0 0 0 0 0 0 0 1 0 

0 0 0 0 0 0 0 0 0 0 

A B BD C D DE DF E F 

H= 0 1 0 0 0 0 0 
0 0 0 0 1 0 0 " 

0 0 0 0 0 1 0 

where subscripts 1 and 2 in W relate to the paternal 
and maternal gametes of the animals. Schaeffer et al. 
(1989) assume that the heritability of the trait is 0.30 
and that the maternally imprinted effects account for 
5% of the total variation, so that ~a = 2.1667, % = 13.0 
and [from (24)] cq = 26.0. 



Table 1. Example data for maternal imprinting analysis (from 
Schaeffer et al. 1989) 

Animal Sire Dam Milk yield 
(kg) 

D A B 6500 
E A D 6000 
F C D 5500 

The solutions for #, a and g from the additive + 
gametic model (14) are 

7-1a ] -5978.8- 
39.7 

aB[ 47.7 

a c [ =  -87 .4  and: 

aD I 91.5 
a~ I 57.5 
a~ I - 85.4 

^ 

g A1 
~ A 2  

A 

gBz 
^ 

gCl 
gcz  

A 

go1 
gDz 
^ 

gEz 
^ 

gvz  

-8 .0  
-8 .0  

8.0 
8.0 
0.0 
0.0 

= - 15.9 
15.9 

-8 .0  
-1 .3  

0.0 
- 14.6 
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Solutions for p, a and i from the conceptual diploid 
model (17) are 

/~- -5978.8 

~a 39.7 

c~B 47.7 

~c = - 87.4 

aD 91.5 
aE 57.51 
aF - 85.4 I 

_ / 

and: 
~c I 

~ 1  = 

tE I 

t ~  I 

-8 .0  

8.0 

15.9 

0.0 

0.0 

- 1.3 

- 14.6 

- 4 . 7  

-7 .3  

Both models give the same solutions for the fixed 
and the additive genetic effects. The solutions for 
maternal gamete_~s D~_E2 a n d F 2  are identical to the 
solutions for BD, DE and DF. The solutions for 
imprinted effects (i) on animals are identical to the 
average of paternal and maternal gametic effects (g) 
for each animal. 

Table 2. Relationship matrix for pedigrees in Table 1 including maternal gametes treated as being diploid 

Parents: . . . .  B B - - A BD D D D D A DE C DF 

Animals: A B BD C D DE DF E F 

A 1 0 0 0 0.5 0.5 0.5 0.75 0.75 
B 0 1 1 0 0.5 0.5 0.5 0.25 0.25 
BD 0 1 2 0 1 1 1 0.5 0.5 
C 0 0 0 1 0 0 0 0 0.5 
D 0.5 0.5 1 0 1 1 1 0,75 0.5 
DE 0.5 0.5 1 0 1 2 1 1.25 0.5 
DF 0.5 0.5 1 0 1 1 2 0.75 l 
E 0.75 0.25 0.5 0 0.75 !.25 0.75 1.25 0.375 
F 0.25 0.25 0.5 0.5 0.5 0.5 1 0.375 1 

Table 3. Inverse of the relationship matrix in Table 2 

Parents: - -  - B B - A BD D D D D A DE C DF 

Animals: A B BD C D DE DF E F 

A 3 0 1 0 - -2  1 0 - 2  0 
B 0 2 - 1  0 0 0 0 0 0 

BD 1 - 1 2 0 - 2  0 0 0 0 
C 0 0 0 2 0 0 1 0 - 2  
D - 2  0 - 2  0 6 - 1  - 1  0 0 

DE 1 0 0 0 - i 2 0 - 2  0 

DF 0 0 0 1 - 1 0 2 0 - 2  
E - 2  0 0 0 0 - 2  0 4 0 
F 0 0 0 - 2  0 0 - 2  0 4 
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The matrix Q to transform g into i (as shown in 
20) is for this example 

A 

BD 
C 

DE 

DF 
E 
F 

A1 A2 B1 B2 C1 C2 D1 D2 

1 1 0 0 0 0 0 0 
0 0 1 1 0 0 0 0 
0 0 0 0 0 0 0 2 
0 0 0 0 1 1 0 0 
0 0 0 0 0 0 1 1 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 

E1 E2 F1 F2~ 

0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 2 0 0 
0 0 0 2 
1 1 0 0 
0 0 1 1 

Note that with inclusion of maternal imprinted effects, 
although additive, the individual merit and the breed- 
ing value of an animal are no longer identical. The 
individual merit is calculated by summing the additive 
effect of the animal and the imprinting effect of its 
maternal gamete (e.g., 56.2 for animal E) whereas 
the breeding value may be calculated by summing the 
additive effect and the imprinting effect of the indi- 
vidual (52.8 for animal E). 

Discussion 

Using conceptual diploids in an animal model to 
analyze gametic variation is appealing for several 
reasons. For  one, it is very easy to adapt  the current 
computer programs based on the animal model (e.g., 
DFREML,  Meyer 1991) to include gametes in the way 
proposed. 

It is also easy to include covariances between 
additive and gametic effects (assumed to be 0 in the 
previous example), by including the same relationship 
structure (with 'diploid' maternal gametes) on the 
additive animal level. This is important as the assump- 
tion of no covariance between additive and maternal 
gametic effects is based more on convenience than on 
biological reality. In some situations it may be con- 
venient from a computational point of view to set up 
the same relationship structure on the additive and 
maternal genetic level and use A* for both, even 
without including a covariance between the a and i 
effects. The solutions for a and i as given above do not 
change in this case, but additional solutions of d are 

obtained for BD, DE and DF, namely 95.5, 83.4 
and 4.0 which are the additive values of the maternal 
gametes of animals D, E and F respectively. The 
concept presented here may well be used for the 
analysis of populations with haploid and diploid sexes, 
although in the honey bee there are additional compli- 

cations of multiple mating that may be accommodated 
using the approach of Tier and S61kner (private 
communication). 
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